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Abstract 

In this paper we show that a (non necessarily integrable) holomorphic 
plane field on a compact complex manfold M having an infinite number 
of invariant hypersurfaces must admit a meromorphic first integral F : 

M —> C p . In particular, it is integrable. 

1 Holomorphic plane fields 

Invariant hyperplanes for plane fields. In [7] E. Ghys generalized a re¬ 
sult by J.-P. Jouanolou ([8]) showing that any holomorphic Pfaff equation on 
a compact complex manifold has only a finite number of compact leaves unless 
all leaves are compact. Both results are generalized versions of a classical result 
due to G. Darboux (cf. j3],[9]) for holomorphic foliations in dimension two. 
Our main goal in this paper is to generalize this statement to plane fields of 
greater codimensions. For this sake, we shall need to revise and introduce some 
concepts. 

Recall from de Medeiros work that a holomorphic plane field of codimension 
p is locally given by an LDS p-forrn m , Proposition 1.2.1, p. 455), i.e., a germ 
of holomorphic p-form ui locally decomposable off the singular set Sing(w) with 
codim(Sing(w)) > 2. Thus a holomorphic plane field of codimension p on a 
complex manifolds M is given by the following data: 

1. An open covering U = {U a } of M; 

2. A collection of holomorphic LDS p-forms w a £ Vl p 0 {U a ) whose singular set 
Sing(w) has codimension > 2; 

3. A collection of maps gp a £ 0*(U a @) such that uip = gpa<-o a whenever 

u a p = u a nu 0 ^H). 

The Cech cocycle g = {gp a ) £ H l (U } 0*) defines a line bundle C over M. 
Thus the collection (ui a ) may be interpreted as a global holomorphic p-form 
u) = (w a ) 6 H 0 (U,Sl p o <g> C) defined over M and assuming values on the line 
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bundle C. The singular set Sing(J r w ) is supposed to be the union of the singular 
sets of u> a and has codimension greater or equal to 2. 

Recall that the algebraic characterization of the LDS p-forms is given by 
the equation i„,w A w = 0 for any p -vector field vj = v\ A • ■ • A v n , where 
{ui, ■ • • , v p } is a local frame. Further, the integrability of such plane fields may 
be characterized by the additional condition i VI ui A dui = 0 ([3], Proposition 
1.2.2, p. 455). 

A codimension p plane field u> = 0 is said to admit a first integral if it 
is tangent to the the level sets of a holomorphic map / : M —> C p . In such 
case clearly this plane field is integrable (in the previous sense) and its leaves are 
contained in the level sets of /. Since in general a compact complex manifold has 
few holomorphic functions, then we often discuss the meromorphic integrability 
of such foliations. Clearly such object must be a map / = (/i, • • • , f p ) : M — > 
C p , such that each fj is a meromorphic function, whose level sets are tangent 
to the plane field w = 0. In this case, all the solutions are obviously complete 
intersections. 

Recall that in the codimension 1 case an infinite number of compact solu¬ 
tions leads to the existence of a (global) meromorphic first integral. Thus it 
is natural to investigate under what conditions on its invariant hypersurfaces a 
holomorphic plane field of codimension p admits a meromorphic first integral. 

Recall that a hypersurface (a codimension 1 variety) is given by an open 
covering U = {U a } of M and complex analytic functions f a : U a —> C such that 
f t 3 = gpafa for some ( gp a ) G H 1 ^, O*). This last condition means essentially 
that f a and fp vanish at the same place mU a r\Up. A hypersurface V = (/ = 0) 
is said to be invariant by ui if Ker(w(p)) C Ker df(p) for all p GV. This coincides 
with the usual geometric definition in case w is integrable, i.e., the tangent space 
of the solutions are tangent to V. 

Theorem 1 Let M be a compact complex manifold and w G H°(AI,fl p ® C) 
be induced by LDS p-forms. Then the p-codimension plane field ( J- : u> = 
0) admits a meromorphic first integral iff J- admits infinitely many invariant 
hypersurfaces. 

Chern classes and divisors. Recall that a divisor is a (formal) linear combi¬ 
nation of varieties ai/ 1 -!-1- akf k representing the variety (J 1 ) 01 • • ■ ( f k ) ak = 0, 

aj G Z. This defines a homomorphism Sio(M) —> I? 1 (A/, O*) from the set 
of analytic divisors in AI to the set of line bundles on M. From the exact 
sequence 0 —> Z ^ O O* —> 0 one can define the first Chern class 
ci(v) G H 2 (AI, C) ~ LI x {fA, fig,) of a divisor v G Sio(M) as the first Chern class 
°f (gpa) G LI x {lA,0*). Considering the de Rham isomorphism H 2 (M,C) ~ 
H 1 ^, ftp) ~ U 2 (M, C) one can write the representative of ci(v) in H 1 (U, fl^) 
as dloggpa- Thus we obtain the homomorphism Div(M) — > H l (U , Zq) given 
by d 4 ci(v) = d log gpa , where (gp a ) is the line bundle determined by the 
divisor v and Zq denotes the sheaf of germs of closed holomorphic 1-forms. 
Now consider the C-linear map xf : £Ht>(M) ® C —> H 1 (U, Zq) and denote its 
Kernel by 'DiVo(AI). Clearly each v G 2Ht>o(M) is of the form v = A jVj where 
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each vj : (fj = 0) is the closure of an invariant hypersurface of T. Note that 
the linear structure of the map if and the existence of infinitely many invariant 
hypersurfaces ensure the existence of infinitely many invariant divisors in the 
kernel of if>, i.e., infinitely many flat invariant divisors. 

First integrals and p— divisors. Suppose cflv) vanishes, then refining the 
covering if necessary one may find (£„) G H°(U, Zq) such that Ci(v) = (p — ( a - 
Since with /£ = g 3 a/3 ■ f 3 p , then E™=i x j dlo Sfi ~ Ajdlog/^ = C/3 - C«- We have 
just proved that 

Lemma 1 ([7|) For each v = E XjVj G SiOo, where Vj is an invariant hyper¬ 
surface of T given by v : (fj = 0), there is a global closed meromorphic 1 -form 
C = (Cc) € H°(U, Z\fl) given by = E"=i -Mlog/^ + ( a . 

Notice that the global closed meromorphic 1-form £ = (£ a ) G H°(U , Zj^,) is 
unique up to adding a global closed holomorphic 1-form. 

In the sequel we shall need the following technical result well known for 
1-forms. 

Lemma 2 Let u> be a holomorphic p-form on U C C” admitting the hypersur¬ 
face V : (f = 0) as invariant set. Then there exists a holomorphic (p+ \)-form 
vo such that 

U) A G?log(/) = vo. 

Proof. Since ker(w(ir)) C ker(d/(x)) for all x G V, then df(x) G ker(w(a;))- L 
(cf. [5]). From [3], Proposition 1.2.2, one has df(x) G £*(u(x)) for all x G V. 
In other words, w(x) A df(x) = 0 x G V. The result then follows from Riickert 
nullstellensatz (the analytic version of Hilbert’s nullstellensatz). ■ 

From Lemmas Q] and [2] we obtain the linear map 

<b : SiOo(M) —»■ H 0 (U,n p o ® C)/u A H°(U, Z 2 0 ) 

(v = E"= l X j v j) [ w A C] 

where ®iOo denotes the set of flat divisors (i.e., those with vanishing first Chern 
class). 

Since </> is linear, dim(l? 0 (W, f t p 0 ®C)) is finite, and, by hypothesis, DiDo(M) 
has infinite dimension, we may obtain p linearly independent divisors (vi), i = 
1, • • • ,p, in the kernel of <f>. Thus we have a closed meromorphic 1-form £ such 
that £Aw = 0. Repeating this process, we may find linearly independent closed 
meromorphic 1-forms . • • ■ , as above. Thus £/ = & A • • • A £i p is a closed 
meromorphic p-form. Let rj / = £ n A • • ■ A , since it is decomposable, then 
= 21(£uj •' • , £i p ) , thus £*(p i(x)) C £*(uj(x)) for all x off the polar set 
of rfi, say P(pi). From de Medeiros division Lemma ([1], Lemma 3.1.1, p. 
460) there are functions hi holomorphic off P(t]i) such that oj = hipi. As a 
consequence, there are global meromorphic functions hu such that £/ = hufj. 
Since £/ is closed, then 0 = dhu A £j. In particular, 0 = dhjj A ui. Choosing 
the I and J properly (since SiUo(M) has infinite dimension), we may find the 
desired global meromorphic first integral h : M — > C p . 
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2 Transversely holomorphic structures 

The notion of a smooth manifold endowed with a transversely holomorphic 
structure was introduced in the work of X. Gomez-Mont (@)- Behind all the 
construction is the notion of structural sheaf. More precisely, we suppose the 
existence of a smooth manifold M admitting a real smooth foliation T of real 
codimension 2p with holomorphic transversal sections and transversely holo¬ 
morphic transition maps. The structural sheaf O being the germ of functions 
constant along the leaves and transversely holomorphic. The structural sheaf 
is also called the sheaf of basic transversely holomorphic functions. In a similar 
fashion one may define the sheaf of basic transversely meromorphic functions M , 
basic transversely holomorphic p-forms Qq, the basic transversely meromorphic 
p-forms VL p m etc. 

Therefore, one may construct structures similar to the ones present in the 
classical holomorphic case like divisors and associate line bundles. Using as key 
point the finiteness of dimc(-ff°(W, <g> £)) (cf. [6]), Brunella and Nicolau 
OH) repeated essentially the same arguing in ([7]) in order to prove the existence 
of non constant basic transversely meromorphic functions for any transversely 
holomorphic structure of complex codimension 1 defined on a compact and 
connected manifold M admitting infinitely many compact solutions. 

Since Gomez-Mont theory is constructed for transversely holomorphic struc¬ 
tures of any complex codimension, it is natural to study the same problem for 
greater codimensions. Again we need to introduce some notation. The first 
remark is that we are dealing with foliations without singularities, thus a trans¬ 
versely holomorphic foliation of complex codimension p on a complex manifolds 
M is given by the following data: 

1. An open covering U = {U a } of M; 

2. A collection of non-singular, basic transversely holomorphic, locally de¬ 
composable, and integrable p-forms io a £ VL p 0 (U a )\ 

3. A collection of maps gp a £ 0*(U a p) such that cop = gp a uj a whenever 

u a p = u a nUp^(D. 

Again the Cech cocycle g = ( gp a ) £ O*) defines a line bundle C over 

M. Thus the collection ( oj a ) may be interpreted as a global basic transversely 
holomorphic p-forrn uj = (w a ) £ VL P 0 <g) C) defined over M and assuming 

values on the line bundle C. 

A transversely holomorphic hypersurface (a codimension 1 variety) is given 
by an open (trivializing) covering U = {U a } of M and complex functions f a : 
U a — > C such that fp = gp a fu for some (gp a ) G H l (U , O*). This last condition 
means essentially that f a and fp vanish at the same place in U a H Up with 
transversely holomorphic structure. Notice that / = (f a ) is not necessarily 
basic. A hypersurface V : (/ = 0) is said to be invariant by to if Ker(w(p)) C 
Ker df(p) for all p £ V. This coincides with the usual geometric definition in 
case w is integrable, i.e., the tangent space of the solutions are tangent to V. 
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Again a linear combination with complex coefficients v = a \V\ + • • ■+a n v n is 
a divisor if each a 3 € Z and each v 3 is a transversely holomorphic hypersurface 
representing the variety (/ 1 )“ 1 • • • (f k ) ak =0. In a similar fashion, we obtain 
the linear map ip : S)it)(M) ® C — LIq) given by v = Yl’j=i ^j v i ^ 
AjCi(uj) = \jd\ogg 3 p a , where {g 3 p a ) is the line bundle determined 

by the invariant hypersurface v :j . 

Once again the linear structure of the map ip and the existence of infinitely 
many invariant transversely holomorphic hypersurfaces ensure the kernel of ip 
has sinfinite dimension, i.e., the C-linear space £Kt>o(M) oiflat invariant divisors 
has infinite dmension. From adapted versions of Lemmas [T] and [2] we obtain the 
following result. 

Theorem 2 Let M be a smooth manifold endowed with a transverse holomor¬ 
phic structure of complex codimension p given by w £ H°(M, Cl p ® £.). Then the 
p-codimension plane field (J- : w = 0) admits a basic transversely meromorphic 
first integral F : M —> C p iff T admits infinitely many invariant transversely 
holomorphic hyper surf aces. 

The proof is essentially the same as the one for the holomorphic case. In fact 
it is even simpler due to the absence of singularities. For the smooth version of 
de Medeiros division Lemma is almost immediate. 
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